The Lotka-Volterra system extended with allowance for four additional factors is studied. These factors are predator satiation, competition for prey, prey selflimitation, and size-dependent predator mortality. Hamiltonian methods are used in this study. Action-angle type variables are constructed for the system. As a result, the system can be solved using quadratures.
Introduction
In its modern form, mathematical biology originated from the classical work An Essay on the Principle of Population by the well-known English demographist and economist Thomas Robert Malthus (1798) [5] . To describe the dynamics of the human population, Malthus proposed a population dynamics equation with an exponentially growing population. This equation does not take into account self-limitation in the course of the population growth. As a result, the human population grows exponentially. The Malthusian equation was further developed by P. Verhulst (1838) [7] , whose model takes into account self-limitation effects associated with competition for better habitat conditions. As a result, the population growth becomes limited. After these works, the development of population dynamics equations was associated with taking into account an increasing number of species. At present the population dynamics equations represent a hierarchy of models varying in complexity that describe the dynamics of different numbers of species.
Furthermore, the dynamics of a certain number of species can be described by equations of different degrees of complexity. The dynamics of two species was first described by the Lotka-Volterra system [9] , which was proposed by Lotka in 1925 and Volterra in 1926. One species in the Lotka-Volterra system is a predator, while the other is a prey. This system is simple and describes only the basic properties of the interaction between two species. More specifically, this system has the form
The Lotka-Volterra system does not take into account factors such as predator satiation, competition for prey, prey self-limitation, and size-dependent predator mortality. Some of these factors, namely, predator satiation and competition for prey, are taken into account in the Bazykin system As a result, system (1.3), (1.4) becomes more realistic. The present study tries to take into account all the above factors, and this comprises its importance. Allowance for additional factors is useful only if the resulting equations can be analyzed. Therefore, a key problem is the search for suitable research techniques. A major research technique for such systems is based on Hamiltonian methods [1, 6, 8] . Below, the Hamiltonian approach is applied to the system In Section 5, we construct action-angle type variables for the given system. This means that this system can be integrated by quadratures.
In [3] action-angle type variables were constructed for a similar but simpler equation of the form
Here, predator satiation and competition for prey are only taken into account. The Bazykin system is also integrated in [4] . Below, we deal with system (1.5), (1.6), which additionally takes into account prey self-limitation and size-dependent predator mortality. Let us describe the Hamiltonian approach.
Construction of the Hamiltonian
Equations (1.5) and (1.6) can be represented as 
(2.14)
Now the Hamiltonian can be written as
This Hamiltonian has a complicated form and can hardly be used to construct action-angle variables. However, with the help of quadratures, we can construct a generating function S to be used in the transition to action-angle variables. It has the form
This function can hardly be constructed in explicit form. Accordingly, actionangle variables are obtained in another way. Specifically, instead of two equations (1.5) and (1.6), we derive a single one. This procedure is described below.
Reduction of the Original System of Equations to a Single One
Assume that the original system of equations has the form
To eliminate one of the equations of motion, we make several changes of variables. First, we change to the variables 
In turn, Eq. (3.18) can be rewritten in the form
Rearranging its right-hand side produces This equation can be used to define an angle-type variable.
Integration of the Equation for the Angle-Type Variable
Squaring the left-and right-hand sides of Eq. To simplify the notation, we define the function
With the help of ) (z P , Eq. (4.2) is rewritten as
The resulting equation can be integrated by separation of variables:
Here, θ differs from the angle-type variable only by the constant
Consider the equation for the zeros of the function ) (z P :
The chosen range of positive values of ) (z P is bounded by two zeros In formulas (4.10) and (4.11), the period T is specified as
(4.12)
Finally, we obtain a canonical variable θ that differs from the angle-type variable only by a constant. This constant is specified in the next section, where we construct action-angle type variables.
Construction of Action-Angle Type Variables
To construct action-angle type variables, we note that С and θ are canonical variables. By using С and θ , the system under study can be represented in a
Hamiltonian form:
This system is similar to a Hamiltonian one written in action-angle variables. The only difference is that 1 = t θ and ω φ = t for the angle-type variable φ . The frequency ω is given to be a function of С:
To construct action-angle type variables, it remains to find the relation between C and I. Here, I is an action variable. If all the trajectories are closed, it is easy to pass to action-angle type variables. Here, C is the old momentum, θ is the old coordinate, φ is the new angle-type variable, and I is the new action-type variable.
It remains to find the relation
For this purpose, we note that the period T regarded as a function of C is given by formula (4.12). Therefore, the frequency is given as well. Specifically, They were derived taking into account four additional factors in the LotkaVolterra system. More specifically, the equations were obtained by eliminating one of the two dependent variables from the equations of motion (3.1), (3.2). The elimination procedure was chosen so as to take into account the influence of these four factors.
Conclusions
The Lotka-Volterra system was extended with allowance for four additional factors, namely, predator satiation, competition for prey, prey self-limitation, and size-dependent predator mortality. Allowance for these factors strongly complicates the Lotka-Volterra system and its analysis. The factors were modeled so that the resulting system could be studied analytically. As a result, despite its complicated form, the system under study was Hamiltonian. Its Hamiltonian was constructed in Section 2. However, we failed to use it for the construction of action-angle type variables, since its form turned out to be too complicated and it was difficult to construct the generating function ) , ( I q S . Accordingly, another method for constructing action-angle type variables was used in Section 3. Specifically, one of the two dependent variables was eliminated and action-angle type variables were constructed for closed trajectories. Eventually, the equation under study became integrable. The dependence ) (t z is implicitly given by formulas (4.7)-(4.11). Given z , formulas (3.6) and (3.9) are used to recover η and ς , which are in turn used to find the variables x and y . Finally, the original equations (3.1) and (3.2) can be integrated by quadratures. Thus, we have shown the possibility of applying Hamiltonian methods to models that are more realistic than the Lotka-Volterra system.
